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ANP2 VIV YO0 NIPN

1. A; v A, defined by the truth table
2.Acv...vVAL=(A1v.... VA1) VA forn > 2

l DONPI NP

Pascal nin>nn nowa 793 n71y9 yi¥xa? DNNAYR 7w N0 NN .
(Gersting, 1996 9"V)

function Product(m, n:integer): integer;
{recursively computes the product of m and n}
begin
if n =1 then
Product:=m — - NP2 VIV YOI NIPN
else
Product := Product (m, n-1) + m;

end;
¥ MDONPI NNIP

©"y) DrScheme ninonn Ndwa Nn'wN MK DID'07 DNMIAYR 7W N'0NIZY NNTAN A
(2001 ,m91 17 ,NIT'97

(define (S um-all L) NP2 VIV YOIV PN

(cond 7
[(empty? L) O ]
[else (+ (first L) (sum-all (rest L)) ]))

¥ DONPI NP
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Ford, Gary (1982). A framwork for teaching recursion. SIGCSE Bulletin 14(2), 32-39.
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Induction - n'xpITaR ©

Tree depth first traversal - yva niy'7? 1o
Runtime stack - n7yon n1aonn ¢

Fibonacci numbers — 'xa12'o moon ¢
Activation tree - n'7yon yy ¢

Tree, nodes and leaves - o™yl o'nny ,yy ¢
ackermann function — jaapx Ny ¢

activation record - n7yon nnivN ¢
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Fib(k)=Fib(k-1) + Fib(k+2):
Fib(2)=1;
Fib(1)=1;
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int ack(int m, int n) {

if (m==0) return (n + 1); n+1 m=0
if (n==0) return (ack (m-1,1) ); f(m,n) = < f(m-1,1) n=0
return (ack (m -1, ack (m, n—1))); f(m-1,f(m,n-1))

}
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[7"7 ,n¥pas/nTyinoy

ATNIMN )YN1,DN0NI9N ,NITYNSN DY DX 7207 N1ann v .n'2von nniva v nnan m .1

n'7'» nnuan ack nnan
Name Returned ack Returned
Parl value m value
Par2 n

2wun% — 90N I naoNIpY ARy 25 100 ,NNX DYON NI' NNYYY? NXIP NMITXNO9N OX .TIPA 1Mm1ann .2

("MTN? NamdN 7w NVWSN 'vn XIN NTA [IN'oN ,NWynY?) nniTdi ack, ,ack;
int ack(int m, int n) {

if (m==0) return (n + 1);

if (n==0) return (ack; (m-1,1) );

return (ack, (m -1, acks (m, n—1)));

}
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> (ack 2 1)
Entering: ack, Argument list: (2 1) - N
Entering: ack, Argument list: (2 0)
Entering: ack, Argument list: (1 1) --2a @
Entering: ack, Argument list: (1 0) ack
Entering: ack, Argument list: (0 1) -- a i 5
Exiting: ack, Value: 2

Exiting: ack, Value: 2

Entering: ack, Argument list: (0 2) acks ack,
Exiting: ack, Value: 3 2 3 1 5
Exiting: ack, Value: 3 0 3

Exiting: ack, Value: 3

Entering: ack, Argument list: (1 3) 2 Eﬁ\
acks ack,

Entering: ack, Argument list: (1 2) -- 71 id(l : 5
Entering: ack, Argument list: (1 1) 1 3 > 4 5 5

Entering: ack, Argument list: (1 0)
Entering: ack, Argument list: (0 1)

Exiting: ack, Value: 2 acks ack, acks ack,
Exiting: ack, Value: 2 (1J 2 g 3 1 3 g 4
Entering: ack, Argument list: (0 2)

Exiting: ack, Value: 3 P
Entering: ack, Argument list: (0 3) [ack; acks ack;
Exiting: ack, Value: 4 0 2 1 2 0 3

Exiting: ack, Value: 4 1 0 2

Entering: ack, Argument list: (0 4) -- n

Exiting: ack, Value: 5 ack,

Exiting: ack, Value: 5 0 2
Exiting: ack, Value: 5 1
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Fib 5 7w nitvonnn ortnimn 0owa win'y nwiy Fib 6 -n atnimn o 9w aiwnn i ,0m v v Fib 6
Fib 4 -1

W 27 1Th n7Y9nn 7w 10nI9n 1A 7271 vian 115 WFib 5 nyon Yw X'n nkna nxamn nAignn nnamn)

L[7"7 ,Atnmin vnn D qun9n naw Fib 6 nysn nNX XD ARNYT 'MIN2 ThIMN
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Fib | 8

6
Fib | 3 Fib 5
4 5
Fib | 2 Fib |1 Fib | 31 Fio | 2
3 2 4 3
Fib |1 Fib |1 Fib | 2 Fib | 1 Fib [ 1 Fib | 1
2 1 3 2 2 1
Fio | 1 Fio | 1
2 1
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JI'DN 7¢ NN NYRY NINA D07 NIIY NI NIAXINA D 11D .*72I'%7119 NIIDNA N'0NIPNA 710Y7 [*ayn
NO'OMI NIYR [IURIN DMWY 1Y NANTNA DAXINAL,OMT'ANN "YU 7V NI'DXNN NINKINND TNRAN 7 Mp'vn 7702
[T'797N [IT1 91017 .0"'NIIDN DINYAY D'UNNA DINYA |2 712712 MIWR QWUn1 2'0NIN 1'7NNY7 Nyann Ny
NIN7¥M NI NIAVIVORN NIAXINAL NI NIYPAID NDWN7 D'TRI7N D'WNNYN 0N NINVIVORN 7w

Jnan

A7nnY% ypn
D [IYV7 721 .N11dN2 NRAIYNN NINATI9NN NNXK NIMY NINNKRD DY DNAY '2217%7119 NN 7w nnarmon
N'oN' NIVYOL |N'RNNY? N1 D1 ,'WY '0NANA 0 NID NYAYZII9N NNATI9] WIN'Y JIN NINNISAY NI'dNY
D7IX ,AUNNN 'WTN 7¢ 011 0001 *7ArNIID NIdNA NICINNN NA7IY N7X DIY'0 NIApYA ."722pn NIdNY
TN' .NPNN NAIWN X7 DD TV NN P2%2219 NION 7W NIY wnnwn'?i %7 ,1m%7 uiwo nnd Ty NiRwn

.N'0NIY KIN "7]I'X|7]I9 NIDN NSV NT'N7A D"YpNNn ThXRY nany I73.I|7)’.] ,NINT DY

.LISP now ¥ n'R¥RX¥N TNXRD [INNKN WY DNNID NPT NN NOY RN L, "nTm” nidnn now
NIX DAONY 7'OUnY% 71X NDdNAN .ANIR NSY7 TN 72V X721, N'MINdNN N'an 2V Dwin waTh NR'07RT ndwa
NTA IT NIDN JNIR W7 779 AmK K7 [NN90 7w D1onn winmin Tyl ,ndwn T 7Y NwITn niX? nwan
NOWY DO'XI7'K2 NIAYNNN N N"YaN DX N7 'R IXNT )X NIDNNN DAY NI'AITYNS NIdsY7 n1rnoa
nN'YNNELIXY 0791 1IN VY7 AMNT7 T NIYPADA NNTYI "NTIM" 1D NIFArYAD NISY 1Y%y n'7'on NidNN
X7 TO IFTAY 2N 715 NIdDNNANY ANI90 NIYID NIN'R NIYNTA NIYII5N DX 1'Tan? X'N N1dnnn v
,NIND NISYA VI 7V 2001 91K NITNZ IN ,'KIN '0DYUN NIYYNAKA [N11'aNn 1INA7 IR ,NIYTN NIYYID

.D'7'NNN D'NIDNNYT 179X WNTN VTN 7 21N 2D KD n'o ']3'9'7I , T'N'N NITNN N1AN X' 'O

,JIMYNN M2 D'NYN 7 '9101'R DINN 7Y NI7VI9N NIYRID 1 TANT IWORNY 723 N0 NIRKIY7 TWON
NITIN NIYNONN ON' Y1 ,TNX T¥YN NONY 'NIN 7W 0'NIMa DNNINA DIFR'0NIRY Ny "nxinn”
,N -2 io'w n"yavn onvonn n¥ip KN f a¥paen 7w ninnn ox ,7wn%? v T¥n (recurrence relation)
N7 NMpna mnnn niwnannn on' .f(0) Yw 1w 173 ,n=0 TwKd N'¥7I9N YW wn NIFRY 7100 YN RN
27U NNAITA X' NXID NNAIT .N - JO 'vao 1oon p wXd Lf(p) -7 nontnn f(n) n¥padn AW 9IkN NX KLY
on' .nxwn XN 10T - fact(0) = 1 :1d pma it axpas 7w 0NN 'onnnn aixtn fact naxyn N
NIDN NOYA NXYN NYPA9 7w aronan aix'n .n>0 wrd fact(n)=n*fact(n-1) X0 NATIND NIYNINNAN

;NN MIY X7 NTIM Ind J'I"?]I'XPJID

Factn =1 ifn=0
=n * fact (n-1) ifn>0
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M NN NDWNY WD 7N wnnwun? Ix Wt NnoNIp Yo Y Nt toNpET At [nata
YXINN KINW NN ,NIf70an Ni7iYo 1901 7' ndwnn '70 N im0 1y x'n XY YN 2N
2'W7 DIMIN DNRAI9N 7Y NDWAN )7 YWY DNXYD Y0 7w napna 7un? avnnn T 7Y X7 aT 91K

[7"7,2 200nn 7w nxy a1wnY nnaiT nx1] (AMOw IX) naxn 7w Ni7ive 1oon 707

Fact 2 =2 * fact (1)
=2*1*fact (0)
=2*1*1
=2*1
=2

7N ,N'0NIY VIR NINK NWA Naxin L [7"T — 0T NN%o 1702 XIn qr y'amn ,Kahney 1989] 1np 7w '1nxna
7w DN 0NN NIXPAD NNTANY 720 D'0NIY 7Y K71 N0 NN 7w pINan 70N 7Y waT nn'w
nn xR Lfact 2w 2wt yxa? ' nxvn nxpad 7w nnmann nx VT awnnnw Nl DR LYINKD 70N
N'¥190 W D'YTN O'PNYN 7w 0m'T 09X 9D — fact 0 nx nth wr fact 1 nx ath fact 2 v xin wnnw
noon nwa fact 2 7w Nipnn T2 ARxIN TN pn nX71 fact 1 — 2 arxim Rt pnkn et Lfact nnipnn
7)) NNIEnn Ntyan 7n'on 7apnn NXYN DA NN LIT YA 9 7V .NIYA NNDY Nztd0 7RD RN L,N0NI"Y
[N NNIRY NI NVIYOD N'YAN-NNY AWN) '0'02N NN .AI0 IMIXN WNIF nuIw nrya-nn? (fact n awn

.01 7N'9Y PRIt Y A ,nNY InoeY
i i’

NITY W' LITD Y219 7W DD WD 170N 27 N0 D719 7Y 21X 91X 2 VITT N WP W'y ninnY
ANRNN D'YZA0N 7Y WD 2N IR WNTR VTN NN NIIY DRI NP9 AIXM7? WNTN YW D7
NYI1 NDNINN NN TPANny M DX YNon7 770 1T D'nal ,wn aI0nn YT TPnann? ana 'nonn
AYNNN T 7Y 12T 7Y 19102 NYXYANN D'YAIN TYD 7w 021'w T W'l RY72197 NN 2IXY 1IN7 nroapT
X71 NN T 7Y NIONIZIN NIYAION 7Y NN RPIT ITENNN 2'0NIRY DTN 7V DN NN ,DINkI
Y'Y 7TINN DX [INQ7 NNAN2 NIRT 1YY 2IW'NN 7002 170VW D'OyAN DAl LIT 7V vl [noayn '7nna
Y219 9w "wrN" 21wn Yy¥a? N7 ,07IN LNYY 1191 21IWNN 70N DX N7 T X7 "NNn 7Y 0'madnny

JTARD D'NAMI DYTIR 27U 2'0NIPIN YT 21I'N 27N XK' L,AWNn YI'o X77 ,n1roli

27U AP'Tanl NN 7NN DTN wnwn 7Tmn .Kan 77N RN NI ,NN2aNNn Y Narol ninpya

alvn

?19:¥90 0Y)7 1Y XN V79N 7apPNN DRN N'¥71190 DX NN

DO NI'YID
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N7ITA 1T NIA'WN LN 077 112V 2'YPIID NN'TAN NN WX AWN? T¥D YT N1 NR'wn nyTa nt 7Tmn o
2107 DNIYPN O'R¥AN 1901 D'AYIN ,INXAN JYNN .17 0T D'NAIMN D2 071X ,0'7'NNN 0'N1DNN 1Y TN

D0 YT W T

D'RXNnN
NIXIP? I'NY ,N0'0NAMINA [IWKRD IXINYT D'ATINN D'VITIVO N'OI7DIX DY IYXANN [XD D'AXIN DN'RYNNY DPNAN
NXIP7 1TN7 D'0ITIVON .NTD O1IZ 12dN NT IN'7WNY IX NTIN'M NOWA '71I'Yj7I9 NIDNA [IWKIN O1IZn DI'0
07121 (770921) *ITXND NIDNA 017 DA IN'7Wn D710 X L,NZ'UNNNI AWNNA 'Y 11D NIYIXPNA (12N DIXRIN
7NN N0 NIXPAD 190N 7w NIT NXIN Y7 1IWpann 0'uiTIvon .ol "D T Dnw 1awn
DIYIYI DY 7172 2WNY7 D'URPANN DAY JIN ,NNK DR'0NIEY NYZAID 71 YXAY IWPANN D'0ITIV0 MINY L [IUXRIN
DMIYNN DY TN I7NNN 1IN Win'y DI7pnnt ,[NNon 170N 077N zNnn 170N .97 72v DnY [INN9n DX
N{OIY NNKX 72 ,NIM'ONIPY NI'YPAID WITYW NIY¥IN NN DIWAYI AWNYT 1WPANn 0'01TIV0 33 ,Awn 1pnna .qTn 'y
MY7 172N 0'oaTIvoN (DN 7Y NIN'wl DMI%0N 7W NIN'WA ,0"YA0 0'1901) D'VINIRIX 7Y INK DINNA
— 0'9T 7V [NNON NX DIYN7 IWPANN 0710 .QNKR 1T NIYZIID [NIX NX N72'7 D'0ITIVO NXIAR 7OV D NI

AINSY7 0'N'7¥n DI'RY nn 7710

NV 'NIND '0'o0an Mpnn :NLY712 N'YVIN NO'ON

D'DY MITNN W 770N 'R1,'0'02N NIPNA JIYRN 'RKINN 7W MI'P7 0'YRANY Yada 7091 2IW'NN LIT NO'SN D 7V
D7IN ,D7NIN NMINYN AYITY 79 DNMIYNA ny'oIn 7"10 N'woinn N0 L[IWRIN 17NN NIRIIZN NIYI9Y7
AWND 1IN [DIXA IT N'YOIN NO'SN NAXI' DNZNN TNXRA .N2 D'P'ThN 0™Y TIY D 112NN NIV7Pnn NN DRyl

JDNIPNRN ARNPA NNZAION 7W YN KIN KIN '0'02N MNn 7Y IWnY 1txn 0ITIVoN

D'TAY NNY WYY '007TR AT [DIKA MIWR [IWRID IPNN DNIEN Y DRI 720 W IT D'YoIn N0'aNY
DY NNTRIN NN2NA YIYD QWD AN XYY AT 170N 1AW [9IXD 1212 TNIMAL 2w'Nn '70NN 12T D'youn
AXIY '0'02N MPAN D NAYNNN ,NX7 N'0IZY NIYYANA NIAYIMN NIA'0NIPY NIYPAI9 7¢ 0PN [nXye N'oII)
NIRNAIT I'N,'721'¥7219 NIDN 0112 DN'TIN'Z NYA DPN17 AXINY NINNAITA 2N N1 NAWNN XD )'70NN DX
NIPN2 NP'05N I'WdY TV 1II'RIY N'0NI7IN 72" (YU "YU NN 1'10NY D'0ITIVON TRX PN .NXj7 N0 7w
AWXD .NI'0NIZIN NIYZAION NIPOIY 1AW D'OINIAIND DINNY WP Y'Y 02 N¥N) YN 17NN ,07IK ."0'0an
DIYN NIXT .'70NN X XY '0'02N MIPNANY 2IWNYT 1N AT 'R D 1IWN D'0ITIV0N ,NIN'WIA Nj70Y N'¥j7A19N

INORPIT AIXYYT 210 D'0ITIV07 NRII DT |'NI,NPN NN'YWIA YR '0'0an NMpnn 793 NTaw

D" INYN 7¥ DT'79N7 WA NIYLIN NIO'ON

77NN DX WK Y¥AY7 [1'01N Nya U712 MV T NINA [N 72X ,N'0NIYYT 'NNDN YR 'R DX NIYLIN NI0'ONY

MO NI 7w avnn

PN 7AX NIITYNS NIdwa DINYNn D X7 QR'unNNd DNYN IND DDA AT NSWA Dnwn
7270w 'onnn NINWN 780 X7 AwWN7 IYpANn 0N NNIX D'YR1I90 NINYWNRY I0NTNN 11D7YY DNZNhna D'01TIVoNN
NY'DIN ITN N'WOINN NO'SNN .YDIN 721 TNKX IDIYY MIDN NINWN 78D X7 17U D'Y9INnn TRX 752 W INIX NN
DMI90NN 7yn NI'UNNA NIEXPAD 7W IYPEN K71 ,NN'YA 210N D'UINIAK 7V NITVIDN NIY9 W Wwpna N
— N2 [9IN2 NNTAIMI DN90Nn W L nn'wn 2u n'2yi9 g nx7ion ,nnalT? .0t'yaon

g (L) = first(L) + g (tail (L) ) + first(L).
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YXANNY INX7 NINWN 100 Y (Nm ) 'wivin 2070 L Y iy paving 0roaTivo vt ntd nnpna
728 ,1 190Nn0 NX TR M0 IWRIN 20NN TR L[1 5 3] n7nnna an'n L nn'wnin DX L,DT [DIXY IWD 20NN
170N VTN NN — NYYOINN NO0'SNN 197 — 271 ,[5 3] nn'wan NIRWIA Nn'wan WX NIK DIXXIP YN 27N

.5 1vonn XN v 'whuNn

g (L) =first(L) + g (tail (L) ) + first(L)
o\ o\

L=[15 3] L=[15 3] L=[5 3]
first(L)=1 tailL)=[53] first(L)=5

lwxIN 19onn k' first nivnwn .oRAIRe N N2 'Y 2T DTN NOWA AIXT'A DRN KD [RD AN

J7"T = 0w purain 190nn X977 antwnn k- tail nivnwni nn'wna

D2DTYUNN DINYNN DIYY D'AYIN NAXRA 1770 D'0ITIVON DINKN ?DNNWNN 7w DT'PONY7 on 712720 7w N nn
72T PR DR 'VRwn TN [9IKA 1N2 A K7 NN aimn ?me? 7Rnun 0oan Y awnn DinTEnn 1 imn
AWK " N NDnNn AW NtA0NVOXKA NN'RNN X7 NN 7Y NXRYIN XD 72720 "IN IR NI N0'™NA

QYUnnl RINN
AIY'NA NIAVIVOX 7¥ NYOWAN

NINAD 7Y DWW 2WNY? DTRIZN IWNNWA DN NIFALIVOXRN 7W [NYSWN IR DNZNNNN o1l Xx¥Nn
MY D'YNNYN D'0ITIVON D 112NN NI'DXNNN .DM7NNA IDSNNYNY D'0ITIVON 7W D'WIN'AN 7V N0
.(immediate evaluation) 1 2aw'nl (delayed evaluation) nnwm 2w'n :21wNY NI07I2 NIPAVIVON
NIXAA9N D 9w DI DR DNl bawnn 0'oaTivon (breadth first) anN% wio'n? nniT NIIWXRIN N'AVIVOKRN
D'NXN 0N ,NNNX 0'702 .ANYIN DY AIYNY — AY197 N'0NIIN IRNZN W W7 019 ,NMTann NN NN
AIW'NN L NRT NNYY T AW .AYIN X7 TV 112700 2701 PN'Y 09 101D DT 752 X290 79 i DR
NNIT IT NRAVIVOK .ITD NXNPA D7PMWD TN YXINN N0 XM W 1N AW UKD L7 I8nwn DTpnn

.(depth first) pniy? wion? "nie
— NN2N N2'0NIZIN N'XAIDN AIWNYT NIAVIVOXN MY NIYIN XAN D'YIN]

f(n)=n+1f(n-1) + n
f(1)=2

.N=3 (UKD X190 nvon NN L aIY'NN YTO NX D'AX'N D'YAN] 0'X'NN

T 2IY'N yvin Aiv'n
f(3)=3 + f(3)=3+ +3

g+ oS
\2/ 2+@2
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NN TIva TR noY77" nwy T aiw'n 7w RtAvnvoN 7'Wo'Y My AIwnY NNannn DX N A'Y'RIVI'RD
NN NYIRIVIRD NN IPTYN DRIMIN .NIY0IM NI0'™NI 71272 a'¥n? 019X X7 NN 2IW'Nd D'wnnuwnn
TNR AN LIUD IPNND .ANYIN QYN 7Y DPALIVOKY IWNNYN NI NAIYN DYY dwnnn 72, )IYRIn
NIONIFY N2 W'Y ANYAI9 17 WD L. W awin X" TN QYN 7Y NFAUTVONR] WIN'WN 7Y NYOWAn DX D'0ITIVON

YUY NNXR TRI NVNY TN 7D DR DYIY NNR TR 9102 Y'Y N DX NDIY ANR — "2'0NI7Y KINY TN 770 07 W'y — yxnXa

STIYXNRD NN NIR NDIY 7700 ANRCTRE,NIMYN AnN7 0T DR IDT? 0'NNDIMY 21wn?

DO NYAID 7w DDA NIN'WN W NI N7XIM YIN7 L3 DX L7 2m Dnwin 21Y'n 7w 01010oK win'y
n> (top-down delayed evaluation) "non% n7yn'7n Nnwim 21wWN" [N2121L,DNIYKRNINE 190N W' IT NFAVIVOKYT
Mpznnn 7'nnn a1w'nn 12w (bottom-up delayed evaluation) "n7yn% nun'm nnwin awN" 1,77 0'wan
N2 DTN DTN [N NNNANTE L, NNYINN AIYNN 7Y NIRONANN NNX 721 win'y Ta1 Tya DYWI7'y W' .'0'0an

DR 7D '7'woNYT INTD 'Min 1T [N'MY NIR N D'0ITIVONY 'IXY ;N7 721 .AwN7 D'0IN NNIX N'¥7119]

nid'o
NYXN2 IX ,0"YPN 7Y NN2ANN 7w 0107 NIONY'NN] [XD DA NIX W' ,0'TNI7 ¢ 0"Yp DNt ann 721 md
10'02N MPNA RN WK 17NN NINAIKY NIYRIN N'YOINN NO'DSNN MY, N'WK LINITY NI'Ya7 Nignn nwna
Y NXP N'0NIPY W NIRNAIT 21 X7 DTNAI7N 1192 D'A'¥N OX NNIXK YIIN7 [N D 0M20 13X ,N'YYN 'KIN DX
NIO'SNN 10 75 7 M2ANNT7 'O NRTE ,NNWIN AIYW'N 7¢ NIMLIVONY WNNWN? D7 TTIVvY? DY'mn nx
90N DT NT [N DNWIN YN 7Y NIROMAN MY 7w AI7'wn 975 |9IKQ DWIX'AN DX 19W71 INITY NIvLInn
NI9X? TIT? TWONN DA NT A7'WI ,NIN'0NIPIN NIYNPAIDN DR AWNNN ¥ T¥D 7w pooni 210 7Tm i

AlYnn NXRXIN AN an gkt 7v N2 TN el
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